We give an equivalence of triangulated categories between the derived category of finitely generated representations of symplectic reflection algebras associated with wreath products (with parameter t = 0) and the derived category of coherent sheaves on a crepant resolution of the spectrum of the centre of these algebras.
Introduction
1.1. In this paper we take a step towards a geometric understanding of the representation theory of certain symplectic reflection algebras (with parameter t = 0). A number of papers have shown that this representation theory is closely related to the singularities of the centre of these algebras and to resolutions of these singularities, [9] , [4] , [11] . Here we make such a relationship precise by proving that the category of finitely generated modules is derived equivalent to the category of coherent sheaves on an appropriate desingularisation.
A long term goal in this project is to find character formulae for simple modules, generalising the work [10] and [12] in which Kostka polynomials appear. A simple consequence of the derived equivalence is a geometric interpretation for the number of simple modules of a symplectic reflection algebra with given central character. A closer analysis will undoubtedly reveal more.
1.2. Let us summarise our results. Let Γ be a non-trivial finite subgroup of SL(2, C) and n a positive integer. Let H c be the symplectic reflection algebra (with parameter t = 0) for the wreath product Γ n = S n Γ n . (All undefined notation and definitions can be found later in the paper.) The spectrum of the centre of this algebra, X c = Spec Z c , is a deformation of the symplectic quotient singularity C 2n /Γ n . Our principal result is the following.
Theorem. There is a crepant resolution π c : Y c −→ X c such that there is an equivalence of triangulated categories 1.3. In the special case c = 0 the variety X c is the orbit space C 2n /Γ n , so the above theorem includes the results of [20] on Kleinian singularities (n = 1) and the observation of [31, Section 4.4] (for general n). The proof we give here, however, is by deformation from the c = 0 case and so depends on these results. To prove the equivalence, we use the methods of [2] , which were adapted to a mildly non-commutative situation in [27] , together with results from [13] and [14] . 1.4 . For x ∈ X c , let m x be the corresponding maximal ideal of Z c . The simple modules of the finite dimensional algebra H c /m x H c are the simple H c -modules with central character x. The following corollary is a straightforward consequence of the above theorem.
c (x)). Finally, in Section 5, we prove our main result and discuss the application to counting simple modules.
Symplectic reflection algebras
2.1. Letω be the standard symplectic form on C 2 , Γ a finite subgroup of SL(2, C) and n a positive integer. The wreath product Γ n ≡ S n Γ n acts on V ≡ (C 2 ) n , preserving the symplectic form ω ≡ω n .
Recall that
The set of all symplectic reflections is denoted by S. Let c be a C-valued function on S, constant on conjugacy classes (γ → c γ ). Given γ ∈ S define the form ω γ on V to have radical ker (1 − γ) and to be the restriction of ω on the (1 − γ)(V ).
2.3. The symplectic reflection algebra H c is the C-algebra, defined as the quotient of the skew group ring T V * Γ n by the relations
for all x, y ∈ V .
Remark. Usually, symplectic reflection algebras depend on a further parameter t ∈ C, [9, Section 1]. The definition above is the case t = 0.
2.4. There is an increasing N-filtration on H c , obtained by setting F 0 H c = CΓ n , F 1 = V ⊗ CΓ n + CΓ n , and F i = (F 1 ) i . By the PBW theorem, [9, Theorem 1.3] , gr H c ∼ = C[V ] * Γ n (where we have used ω to identify the Γ n -spaces V and V * ). In particular, a non-zero c yields a flat family of symplectic reflection algebras H uc over C [u] .
Each H c is a prime noetherian ring because its associated graded ring has these properties Lemma. For non-zero c, the following sets are the same (1) the smooth locus, Sm(X uc );
(2) the Azumaya locus of H uc ;
(3) the central characters of simple H c -modules that are isomorphic to the regular representation of Γ n as Γ n -modules.
Proof. As the generic simple module for H uc has dimension |Γ n | it follows that the Azumaya locus of H uc is the union of the Azumaya loci for H λc for λ ∈ C. This proves the equivalence of (1) and (3).
Since the associated graded ring of H uc is C[V ⊕ C] * Γ n , it follows from [23, Proposition 1.6.6, Theorem 1.6.9 and Corollary 7.6.18] and [3, Theorem 3.8] that the equivalence of (1) and
(2) follows if the non-Azumaya locus has codimension at least 2. This, however, is clear as for each λ ∈ C the Azumaya locus of H λc has codimension at least 2 in X λc .
2.9. Observe as a consequence of the above proof that Z uc is normal. Indeed, Z uc is Cohen-Macaulay (in fact Gorenstein) since eH uc e has an associated graded ring isomorphic to C[V ⊕ C] Γn , [9, Theorem 3.3] . Combining this with the smoothness of X uc in codimension one, which is proved above, shows that Z uc is normal, [5, Theorem 2.2.11]. Let A be an R-algebra that is finitely generated as an R-module, and let (e i ) i=1,...,p be pairwise
Non-commutative crepant resolutions
Our definition of stability is different from that in [27] : where we have λ(dimW ) < 0 Van den Bergh has λ(dimW ) > 0. Of course, the difference is only cosmetic because we can pass back and forth between the two notions by replacing λ by −λ. The reason for this difference is that later on in Section 5.1 we want our notion of stability to coincide with the notion that Haiman uses in [13] .
We say that λ is generic (for α) if all semi-stable representations of dimension vector α are stable. There is a generic λ if and only if α is indivisible, meaning that the greatest common divisor of the α i s is 1. The condition λ(β) = 0 for all 0 < β < α ensures λ is generic.
Let T be an
such that e i F has constant rank α i for all i. We say that F is semi-stable (resp., stable) if for every every field K and every morphism ξ : Spec K → T , ξ * F is a semi-stable (resp.,
A family (U, ρ) parametrised by W is universal if for every R-scheme T and every family
Proposition 3.6 below says that in suitable situations there is a universal family. We also express this by saying that W is a fine moduli space for families of A-modules of dimension α and call U the universal family. 
. . , e p be the projections onto the M i s viewed as idempotents in A. Define
Suppose that λ is generic for α. Let f : W s −→ X and B be as in 3.6.
Let U ⊂ X be the locus where M is locally free. It follows from 3.7 that f −1 (U ) −→ U is an isomorphism. Let Y be the closure of f −1 (U ); this is the unique irreducible component of W s mapping birationally onto X. We continue to denote the restriction of f to Y by f . Let G be
There is a pair of adjoint functors between D b (coh Y ) and D b (mod A):
The following theorem follows [2] closely.
Then f : Y −→ X is a crepant resolution of X and Φ and Ψ are inverse equivalences. Let (e i ) i=1,...,p ∈ CΓ n be the central orthogonal idempotents corresponding to the irreducible representations, labelled so that e 1 corresponds to the trivial representation. Thus e 1 = e.
By the PBW theorem for H c and H uc we can consider the e i s as elements of H c and H uc .
Let E i be the simple CΓ n -module corresponding to e i . As remarked in the proof of [9, Lemma 2.24], e i H uc e ∼ = Hom Γn (E i , H uc e) so
In particular, α 1 = 1 so α is indivisible, and there are many maps λ : Z p → R such that λ(α) = 0 and λ(β) > 0 for all 0 < β < α. For each such λ there is a moduli space for λ-stable H uc -modules having dimension α (equivalently, that are isomorphic to CΓ n as CΓ n -modules), and each such moduli space has a unique irreducible component that maps birationally to X uc . Lemma. Suppose that f : Y −→ X is a semi-small morphism between irreducible varieties of finite type over a field k. Then
Semi-small maps
Proof. It is well-known (see, e.g., [ where {x 1 , . . . , x d } is algebraically independent over R, and x d+1 , . . . , x n are algebraic over
The Krull dimension of an extension
C[x] is equal to either Kdim C or Kdim C + 1 depending on whether x is algebraic over C or not, so an induction argument shows that Kdim
where ht q denotes the height of q. But ht q ≤ ht qR p so Kdim S ⊗ R R p ≤ Kdim R p + Kdim S − Kdim R + ht qR p = Kdim R p + Kdim S − Kdim R, and the result follows because Kdim S ≤ Kdim R.
4.3.
For the rest of the section we will be interested in schemes of finite type over C with a C * -action. All morphisms will be C * -equivariant. We always consider C as to have the multiplicative action of C * . In case f : X −→ C is a C * -equivariant morphism, we will denote the fibres f −1 (s) by X s . Note that X s ∼ = X 1 for all non-zero s ∈ C.
We say that an affine variety X has an expanding C * -action if the corresponding Z-grading Lemma. Let X be an irreducible variety and f : X −→ C be a C * -equivariant morphism. Let Z ⊂ X s be an irreducible subvariety. Then either C * Z ∩ X 0 is empty or
Furthermore, if X is an affine variety with expanding C * -action, then C * Z ∩X 0 is non-empty. 
Lemma. Suppose there is a commutative diagram of C
In
Proof. First we show that the right-hand side of (1) is contained in the left-hand side. Let
x ∈ C * π(Z) ∩ X 0 . Certainly, C * π(Z) = π(C * Z) ⊂ π(C * Z); but the last term is closed because π is proper, so π(C * Z) ⊂ π(C * Z). Hence x = π(y) for some y ∈ C * Z; but x ∈ X 0 , so y ∈ Y 0 ,
The proof that the left-hand side of (1) is contained in the right-hand side does not depend on the hypothesis that π is proper: For any subsets W and W of Y , π(W ∩ W ) ⊂ π(W ) ∩ π(W ), and π(W ) ⊂ π(W ). Thus π(W ∩ W ) ⊂ π(W ) ∩ π(W ) ⊂ π(W ) ∩ π(W ). Now apply this with
Under the non-emptiness hypothesis, the equality of dimensions follows from Lemma 4.3.
4.6. The following result allows us to deform semi-small morphisms.
Lemma. Let X be an affine variety with expanding C * -action and suppose that we have a commutative diagram of C * -equivariant morphisms
As X has an expanding action, π(Z 0 ) = C * π(Z) ∩ X 0 is non-empty by Lemmas 4.3 and 4.5. Thus the semi-small hypothesis shows
By Lemma 4.5, we may replace dim Z 0 and dim π(Z 0 ) in this inequality by dim Z and dim π(Z). For generic λ there is a moduli space of λ-stable Γ n -constellations, a projective scheme over
If λ is chosen so that λ(α) = 0 and, for each simple Γ n -module S,
then a constellation is λ-stable if and only if it is a cluster.
5.2.
The following construction was given in [29, Corollaries 3 and 4] . Let X Γ be the minimal resolution of the Kleinian singularity C 2 /Γ. We have maps
where the first map is the Hilbert-Chow map, [26, Chapter 1] , and the second arises from functoriality. Since X Γ is symplectic, so too is Hilb n (X Γ ) and thus the composition is a crepant resolution of V /Γ n , see 3.2.
Let
Hilb S n (X n Γ ) denote the S n -Hilbert scheme of Ito and Nakamura, [17, Introduction and Sect. 8.2] . The following result is due to Haiman: we include our own outline of the proof for the reader's benefit.
Theorem. [14, Section 7.2.3], [15] There is an isomorphism between Hilb n (X Γ ) and Hilb Sn (X n Γ ). In particular, there exists λ such that Hilb n (X Γ ) is a moduli space of λ-stable Γ n constellations.
Proof. The isomorphism follows from the n!-conjecture applied to the smooth surface X Γ , [13, Sect. 5.2] and [14] . There is a commutative diagram of S n -equivariant morphisms
Hilb Sn (X n Γ ) − −−− → V /Γ n in which Σ is the reduced fibre product and q is finite and flat.
It is well-known that X Γ is a fine moduli space for Γ-clusters on C 2 . We write B for the locally free sheaf on X Γ that is the universal family of Γ-clusters. The obvious permutation action makes B n an S n -equivariant sheaf on X n Γ . Let P denote q * p * B n . Because q and p are S n -equivariant P is an S n -equivariant sheaf on Hilb S n (X n Γ ). Since the S n -action on Hilb S n (X n Γ ) is trivial this means that S n acts as automorphisms of P.
The ring homomorphism C[x, y] * Γ → End B induces homomorphisms C[x, y] ⊗n * Γ n → End p * B n and C[V ] * Γ n → End q * p * B n = End P. Combining the last of these with the S n -action produces a ring homomorphism C[V ] * Γ n → End P.
where ρ : K(Γ n ) → R and σ : K(S n ) → R are such that stable constellations are clusters. It can be shown that for a suitable choice of C 1, the geometric fibers P(x) := P/m x P of P are λ-stable Γ n -constellations, and hence that P is a family of λ-stable Γ n -constellations.
The fixed points subsheaf P Γ n−1 is the universal family of C[x, y] * Γ-modules whose fibres have n copies of the regular representation of Γ [14, Prop. 7.2.12] .
Let M λ be the moduli space of λ-stable Γ n -constellations and S the universal family on it
Since P is a family of λ-stable Γ n -constellations, there is a morphism f : Hilb n (X Γ ) −→ M λ such that f * S ∼ = P and φ = f * ψ. Thus φ = f * ψ . Similarly, by the universal property of P Γ n−1 , there exists g : M λ −→ Hilb n (X Γ ) such that g * P Γ n−1 ∼ = S Γ n−1 and φ = g * ψ .
Both M λ and Hilb n (X Γ ) have trivial Γ n -action so f and g are automatically Γ n -equivariant.
Notice too that f * g * ψ = ψ . Since Hilb n (X Γ ) is a fine moduli space with universal family P Γ n−1 , it follows that gf = Id.
There is a non-empty open subset U of V /Γ n such that the natural maps α : Hilb n X Γ → V /Γ n and β : M λ → V /Γ n restrict to isomorphisms α −1 (U ) → U and β −1 (U ) → U . The closure Y λ of β −1 (U ) is the unique irreducible component of M λ that maps birationally to V /Γ n . Since f and g are morphisms of V /Γ n -schemes and f g = Id they restrict to mutually inverse isomorphisms between α −1 (U ) and β −1 (U ) and hence between their closures. But Hilb n X Γ is irreducible, so f and g yield an isomorphism Hilb n X Γ ∼ = Y λ .
5.4.
As noted in [31, Section 4.4] and [14] the previous theorem, together with the main result in [2] , has the following important consequence.
Corollary. The derived categories D b (coh Hilb n (X Γ )) and D b (mod H 0 ) are equivalent.
Proof. This follows from Theorem 5. In Section 3.11 α denoted the element of Z p defined by
where E i is the irreducible representation of Γ n corresponding to the central idempotent e i ∈ CΓ n ⊂ H c . Therefore under the isomorphism K(Γ n ) → Z p , [E i ] → (δ 1i , . . . , δ ni ), we have [CΓ n ] → α. In particular, the use of α in the last few subsections is compatible with the use of α in Section 3.11.
Let λ : K(Γ n ) → R be generic for α. Let W be the moduli space, as constructed in Section 3, of λ-stable H uc -modules isomorphic to CΓ n (equivalently, of dimension α), and let Y be the irreducible component of W that maps birationally to Sm(X uc ).
There is a natural C * -equivariant map W → C and its restriction to Y fits into the following
Proof. For τ ∈ C, we write W τ for the fiber of W → C over τ ; we also define Y τ = f −1 (τ ) and Corollary. Let π c : Y c −→ X c be the crepant resolution above. There is an equivalence of trian-
In particular there is an isomorphism between the Grothendieck groups K(π −1 c (x)) and K(H c /m x H c ).
Proof. The first sentence has already been noted in 3.9. By devissage, the Grothendieck groups of D b x (coh Y c ) and D b x (mod H c ) are isomorphic to K(π −1 c (x)) and K(H c /m x H c ) respectively, thus confirming the second sentence. 5.8. When n = 1 the varieties X c are deformations of Kleinian singularities C 2 /Γ and any crepant resolution coincides with the minimal resolution. Hence, by the McKay correspondence, the K-theory of the fibre f −1 (x) is completely determined by the type of orbifold singularity at x ∈ X c . Indeed, suppose the singularity at x ∈ X c is locally of the form C 2 /G for some finite subgroup G of SL 2 (C). Then the rank of K(f −1 (x)) equals the number of irreducible representations of G. On the other hand, the algebras H c are deformed preprojective algebras.
These algebras also depend only on the type of orbifold singularity at x ∈ X c , since there is a "slice" theorem which reduces the representation theory to the case of the point 0 ∈ Of course, in the case of arbitrary n but c = 0, the corollary (which is an immediate consequence of Haiman's work) recovers the generalised McKay correspondence proved by Kaledin, [19] , for the orbifold singularities appearing locally in V /Γ n . 5.9. Corollary 5.7 gives us a geometric description for the number of simple modules in H c /m x H c . In practice this is not immediately applicable as we have no geometric understanding of Y c . There is, however, evidence to suggest that the following question has a positive answer:
Question. Let V have Gorenstein singularities and let v ∈ V . Is rank K(f −1 (v)) independent of the choice of crepant resolution f :Ṽ −→ V ? Indeed, [8, Proposition 6.3.2] shows that the mixed Hodge polynomial (of Borel-Moore homology) of f −1 (x) is independent of the choice of resolution. Thus if the homology groups of the fibres are spanned by algebraic cycles (as seems reasonable given the results of [19] and the comments below), the answer is "yes". Furthermore, [1, Section 5] conjectures that all crepant resolutions of X have equivalent bounded derived categories of coherent sheaves. Confirmation of this conjecture would also give a positive answer.
In the particular case of X c , it is possible to show that there is a crepant resolution which can be described as a quiver variety, [25] , generalising the c = 0 case in [30, Sections 1.3 and 1.4] and the generic c case in [9, Section 11] . The K-theory of the fibres has been studied, and is related to weight spaces of integrable representations of Kac-Moody Lie algebras. Hence it is reasonable to expect the number of simple H c /m x H c -modules also has this interesting description. We will return to this in future work.
